I. INTRODUCTION
Can electrostatic or magnetostatic phenomena be described by Fresnel's equations for reflection and transmission at an interface? For example, if a permanent magnet is located in the vicinity of a semi-infinite medium with permeability µ, can we calculate the attraction using Fresnel's equations? The answer is not obvious, as the eigenmodes for frequency ω > 0 are transverse electromagnetic waves, while for ω = 0 the eigenmodes are longitudinal. Moreover, a crucial step in the textbook derivation [1, 2] of the Fresnel equations is to relate the electric and magnetic fields. Derivations limited to propagating, plane waves use the constant ratio between the electric and magnetic field amplitudes, equal to the wave impedance. Clearly these derivations do not apply in statics, where the electric and magnetic fields are decoupled. Alternatively, one may use possibly complex wavevectors, and express the magnetic field H from the electric field E using Faraday's law,
for a plane wave with wavevector k. Here, we have the complications that in statics, ω = 0, and also, the electric field is longitudinal, k × E = 0. Despite these challenges, we will prove that the Fresnel equations apply even in statics (Sec. III). For the special case with a point charge in the vicinity of a conductor plane or dielectric half-space, the Fresnel equations lead to the classical image method from electrostatics. Similarly, the Fresnel equations give the image method for calculating the fields when a magnetic source is located in the vicinity of a magnetic medium.
In quasistatics the Fresnel equations turn out to be useful to calculate the interaction between a time-varying magnetic source and a conducting medium (Sec. IV). Also here, the Fresnel equations lead to an image method, but with the reflection coefficient as a spatial low-pass filter, acting on the field from the image. This gives valuable information about the strength of the interaction as a function of spatial frequency or characteristic size of the source.
We also consider the cases where a static electric or magnetic field source is located in the vicinity of a moving medium. Also here we obtain relatively simple image * johannes.skaar@its.uio.no methods for calculating the electromagnetic field, even for relativistic velocities. Dependent on the orientation of the source, certain interesting effects arise. For example, when describing electric reflection from magnetic sources (or vice versa), the image is Hilbert transformed. With the filtered image model, we can also confirm the recently reported nonreciprocity associated with moving media [3] .
The structure of the paper is as follows. In Sec. II the Fresnel equations of electrodynamics, and their conventional proof, are reviewed. In the last part of the section, another proof is given, which will turn out to be valid in statics as well. In Sec. III we consider a Fourier decomposition of the static fields, and prove that the Fresnel equations lead to the image methods from electrostatics and magnetostatics. In Sec. IV we use the Fresnel equations in quasistatics, to describe interaction between e.g. a time-varying magnetic source and a conducting medium. Finally, we consider a moving medium in Sec. V.
II. FRESNEL'S EQUATIONS IN ELECTRODYNAMICS
Before going to statics, we review the Fresnel equations in electrodynamics [1] . We consider a setup as depicted in Fig. 1 . For z < 0 we have a medium with permittivity 1 and permeability µ 1 , while for z > 0 we have 2 and µ 2 . The media can be dispersive, but are assumed to be linear, isotropic, homogeneous, time-shift invariant, and passive 1 . Moreover, the media are assumed to be spatially nondispersive, in the sense that the permittivity and permeability are local and describe all induced charges and currents. A source produces an electromagnetic field which can be expanded into monochromatic, plane waves. These waves will have their electric field perpendicular (TE) or parallel (TM) to the plane of incidence. Considering an incident TE wave, the electric field can be written
A source is located at least d to the left of the boundary. The source produces a field which can be decomposed into plane waves. One of them has incident wavevector k1.
Here E i , E r , and E t are the incident, reflected, and transmitted electric field amplitudes, respectively. We have oriented the coordinate system such that the electric field points in theŷ-direction. The wavevectors can then be expressed as
, and k 2 = (k x , 0, k 2z ) (transmitted), with the dispersion relations
The Fresnel equations can be expressed in several different forms. We will use a form which remains valid for lossy media and/or evanescent modes. The standard way to derive the equations is as follows. From (2) and continuity of the tangential electric field, we obtain E i + E r = E t . Assuming ω = 0 and applying (1), we can find the associated magnetic fields for the incident, reflected and transmitted waves. Continuity of the tangential magnetic field gives
Combining the two continuity equations we find
These two coefficients express the reflected and transmitted electric field amplitudes relative to the incident electric field.
To express the corresponding ratio between magnetic field amplitudes (but still TE polarization), we consider thex-andẑ-components separately. Using Faraday's law (1), the incident magnetic field (H ix , 0, H iz ) can be expressed
Similarly, we can express the reflected and transmitted magnetic fields from the electric fields. For example, this gives us a transmission coefficient for thex-component of the magnetic field
We end up with two sets of Fresnel equations:
As evident from the symmetry of the two Maxwell curl equations, the analogous expressions for TM (magnetic field perpendicular to the plane of incidence) can be found by interchanging and µ:
and
When deriving the Fresnel equations (4), we used the transverse electromagnetic modes of the system, meaning that ω was assumed to be nonzero. We also made the explicit assumption ω = 0 when applying (1) . An alternative way of proving the Fresnel equations, which turns out to survive the static limit, is the following: From Gauss' law, we have
in the homogeneous media to the left or right of the boundary, away from the source. Eq. (10) is valid for the incident, reflected, and transmitted wave, separately. Note that the Fourier decomposition of the source field at the plane z = −d leads to real k x and k y (while k z as resulting from the dispersion relation may be complex).
Orienting coordinates such that k is perpendicular toŷ,
Consider the TM case, where E is in the plane of incidence,
Requiring the tangential electric field to be continuous, we get
where the reflection and transmission coefficients so far are unknown. Rather than expressing continuity of the magnetic field, we require the normal displacement field to be continuous:
From (11), the connection between the Fresnel coefficients for the z and x components are
Here subscripts "r" and "t" stand for reflected and transmitted, respectively. Canceling out the incident fields from (13) and (14), and using (15), we obtain (9).
III. FRESNEL'S EQUATIONS IN STATICS
We now assume static conditions, i.e., ω = 0. First we consider an electrostatic source, which is a static charge distribution located at least d to the left of the boundary, see Fig. 1 . A central point to enable the use of Fresnel's equations, is a plane wave expansion of the field. As detailed in the Appendix, a plane wave expansion is possible in statics as well; however the field is longitudinal. The electrostatic field for −d < z < 0 can be written as a superposition of fields of the type (see the Appendix):
where k x and k y are real, and
For z > 0, the field can be written as a superposition of
Here the amplitudes U , V , and W are arbitrary functions of k x and k y . Morover, k x and k y are the Fourier variables corresponding to x and y, respectively (i.e., they are the transversal "spatial frequencies" of the source). The quantity k z describes the z-dependence of each Fourier component, and is given by (17) as resulting from Maxwell's equations. Eq. (17) can be seen as the dispersion relation in the static limit.
To apply the proof of Fresnel's equations from the previous section, we identify the first and second term in (16) as the "incident wave" E i and "reflected wave" E r , respectively, and (18) as the "transmitted wave" E t . We note that k · E i = 0, (k x , k y , −k z ) · E r = 0, and k · E t = 0, since (17) implies k 2 = 0. Furthermore, the "TM" condition (12) is satisfied, if coordinates are rotated such that k = k xx + k zẑ . Apparently, in statics the label "TM" refers to electric sources, while, as we shall see later, "TE" refers to magnetic sources.
We conclude that (9) applies to the case with an electrostatic source. Since (17) is valid in both media, the equations can be simplified to
Note that in statics, there is only a single polarization, as the field is longitudinal. Thus it makes sense to write (19) for both x and y directions, not requiring the coordinate system to be rotated such that k y = 0. Remarkably, the reflection and transmission coefficients are independent 2 of k x and k y . Therefore, when considering an actual finite-size source, the coefficients can be moved outside the two-dimensional inverse Fourier transform with respect to k x and k y . Thus the field for z > 0 would be obtained if we replaced medium 2 by medium 1 (such that medium 1 is everywhere), and replaced the original charge distribution by the exact same charge distribution multiplied by the factor t E (Fig.  2b) . The field for z < 0 would be obtained by replacing medium 2 by medium 1, keeping the original charge distribution and inserting an image charge distribution. This new charge distribution must be given by the original charge distribution, mirrored about the plane z = 0, and multiplied by the factor r E (Fig. 2a) .
Note that the image charge interpretation above is a generalization of the classical result for a point charge above a dielectric half-space, see e.g. Jackson [8] , Chapt. 4.4. In addition it coincides with the image charge method for a point charge above a conducting plane; then we find r E = −1 meaning that the image charge must be exact opposite to the original charge when looking at the
The field for z < 0 would be obtained if medium 2 is replaced by medium 1, the original source is retained, and there is an image source which is the original source mirrored about the plane z = 0 and multiplied by r. (b) The field for z > 0 would be obtained if medium 2 is replaced by medium 1, and the original source is multiplied by a factor t. In the electrostatic case r = rE and t = tE. In the magnetostatic case r = ±rH and t = tH . The upper sign is used if the source is characterized by a magnetization density, while the lower sign is used when the source is described by a current density.
field in the area z < 0, while we have t E = 0 which means that the field vanishes for z > 0. An identical analysis can be used if the source is a current distribution or permanent magnet producing a magnetic field. Then, away from the source we have ∇ × H = 0. Moreover, ∇ · B = 0 everywhere. For the electrostatic situation treated above, we had ∇ × E = 0 and ∇ · D = 0 away from the source. Thus the analogy E → H and D → B makes it possible to express the magnetic field as a superposition of fields of the form
for z < 0, and
for z > 0. Furthermore, we can use the Fresnel equations in the same way as above, now using the "TE" coefficients
Again the reflection and transmission coefficients are independent of k x and k y . Eqs. (22) therefore lead to the following image source interpretation: The magnetic field for z < 0 is given by the magnetic field from the original source in addition to that from an imaged source, after having replaced medium 2 by medium 1. The image source must provide an imaged field distribution, reflected about the plane z = 0, and multiplied by r H , according to (22a). Thus, if the source is a permanent magnet with magnetization M, the magnetization of the image source is found by reflecting the source's magnetization about z = 0 and multiplying by r H . However, if the source is a current distribution, the current must be multiplied by −r H after reflection. This sign shift can be viewed as a consequence of the current being a polar vector, while H and M are axial. The image source interpretation is a generalization of the well known result from magnetostatics [8] .
As an example, consider a bar magnet with magnetization in theẑ-direction, located a distance d from a magnetic medium with µ 2 = ∞. Assuming µ 1 = µ 0 (permeability in vacuum), we have r H = −1. An imaged bar magnet would have magnetization in the −ẑ-direction, but after multiplication with r H the magnetization points in theẑ-direction. We therefore get a magnetic attraction equal to the attraction between two identical bar magnets at 2d distance.
IV. FRESNEL'S EQUATIONS IN QUASISTATICS
In quasistatics, provided
we have k 1z ≈ k 2z ≈ ik x . Therefore, the electrostatic result (with a charge distribution as source) and magnetostatic result (with a current distribution/permanent magnet as source) will also be relevant to the quasistatic situation. An electrostatic source influences a dielectric/conductor medium, while a magnetostatic source influences a magnetic medium. However, in quasistatics the two other combinations are relevant as well; a timedependent current distribution/magnet as a source and dielectric/conductor media, or a time-dependent charge distribution and magnetic media. We consider the former combination here. By moving or changing the magnetic source, although slowly, there will be induced eddy currents in the
The source is a 2D "permanent" magnet with timedependent magnetization in theẑ-direction. In practice, the time dependency can be realized by moving the magnet in thex orẑ-direction, or by inducing magnetization in a ferromagnetic material using currents in theŷ-direction. The magnet is infinite and uniform along the y-axis. Medium 1 is vacuum, with 1 and µ1 equal to the free space values 0 and µ0, respectively. Medium 2 is a nonmagnetic conductor with complex permittivity 2. medium. We now analyze this magnetic response with Fresnel's equations. Let medium 1 be vacuum ( 1 = 0 ), and medium 2 be a nonmagnetic medium with conductivity σ described in the form of a complex, relative permittivity 2 / 0 = 1 + iσ/ 0 ω ≈ iσ/ 0 ω. The skin depth is δ = 2/ωµ 0 σ.
We consider a source which is uniform (and infinite) in the y-direction, with bound or free currents in the ±ŷ-direction. For example, the source may be a timevarying "permanent" magnet with magnetization in thê z-direction (see Fig. 3 ). Then the magnetic field is independent of y, and has onlyx andẑ components. This leads to an electric field pointing in theŷ-direction (TE). The quantities we need in Fresnel's equations are
Since the medium is passive, the sign of the square root is taken such that Im k 2z > 0. The magnetic field for z < 0 becomes for some input spectra 3 H ix (k x ) and H iz (k x ), and reflection coefficient
In other words, we can still use an image source to create the field for z < 0; however its field is filtered in the wavenumber domain using r H = r H (k x ). This filter response is plotted in Fig. 4 for Cu (σ ≈ 6 · 10 7 S/m) for three different frequencies. We observe that the fine details (small Λ x ) are filtered away, such that the image gets smoother than the source. As seen from the figure, the cutoff size is around 10δ.
For Λ x δ λ (where λ is the free-space wavelength), we obtain
Using the permeability of Cu, we find that for Λ x = 1 cm the magnetic response due to eddy currents is larger than the magnetic response due to the permeability, as long as f > 0.01 Hz. Thus, the permeability of Cu ceases to describe the magnetic response in this setup already at the frequency 0.01 Hz. Eq. (26) expresses the magnetic field due to the source (first term in the brackets) and due to the resulting, induced currents in the medium (second term in the brackets). Thus (26)-(27) describe the interaction between the source and the medium. The reflection coefficient (27) quantifies the strength of the interaction (Fig. 4) .
Similarly to (26), the magnetic field for z > 0 can be expressed
for the transmission coefficient
V. MOVING MEDIUM
We finally consider the case where medium 2 moves with velocity v in the x-direction, as seen from the lab system. The coordinates of this lab system are shown in Fig. 1 . We assume that medium 1 is vacuum ( 1 = 0 and µ 1 = µ 0 ), and medium 2 is characterized by 2 = r 0 and µ 2 = µ r µ 0 , where r and µ r are the relative permittivity and permeability, respectively. The source may be electrostatic (fixed charges) or magnetostatic (timeindependent currents or permanent magnet), and is fixed in the lab system. We are interested in the reflection coefficients and coupling between electric and magnetic fields due to the moving medium 2. For the case with a magnetic source and a moving conducting medium, this response occurs as a result of eddy currents being induced in the conducting medium. We then obtain a connection to the analysis in Sec. IV. In certain cases we will find that the response can be significant even for low (nonrelativistic) velocities.
We consider each spatial Fourier component of the source separately (with a certain k x and k y ), and write the static electric and magnetic fields for −d < z < 0 (see (A6)):
where
For an electrostatic source we are given U and S = 0, and want to find r E = V /U (reflection coefficient) and c EH = T /U (coupling). For a magnetostatic source we are given S and U = 0, and will find r H = T /S (reflection coefficient) and c HE = V /S (coupling). The strategy will be to transform (31) to the rest system of medium 2 using the usual relativistic transformation formulas [9] 
where γ = 1/ 1 − v 2 /c 2 . We then use the electromagnetic boundary conditions to match the fields (32) with those in medium 2.
In general we have that (ω/c, k) is a four-vector, such that [9] 
This follows from the fact that phase is scalar:
Here t and r = (x , y, z) are the time and space coordinates in the rest system of medium 2, and ω is the frequency in this system. Furthermore, k = (k x , k y , k z ) and k = (k x , k y , k z ) are the wavevectors in the lab system and the rest system of medium 2, respectively. In our case we have static conditions (ω = 0) in the lab system, which means that
For simplicity, we will now consider two special cases with a two-dimensional source (which is homogeneous along the third direction).
A. Case kx = 0 and ky = 0
Consider first the case where the source is homogeneous in the x-direction. In this case the source produces only components with k x = 0. Then ω = ω = 0 and k = k = (0, k y , k z ). The fields are therefore static and longitudinal, even in the rest system of medium 2. For z > 0 we can write
where k z = i|k y |, and F and G are arbitrary functions of k y . Matching fields (32) and (36) according to the Maxwell boundary conditions, we obtain the reflection and coupling coefficient
for the electrostatic source (U = 0, S = 0). For the magnetostatic source (U = 0, S = 0),
We have defined η = µ 0 / 0 as the vacuum wave impedance. In (37)-(38) the relative permittivity and permeability must be evaluated at zero frequency.
The reflections (37a) and (38a) can be interpreted as being produced by electrostatic and magnetic image sources, respectively. This interpretation corresponds exactly to that in Sec. III except that the reflection coefficients r E and r H now are given by (37a) and (38a). The differences compared to the situation with v = 0 are of order v 2 /c 2 and therefore negligible unless v is a relativistic velocity.
However, for an electrostatic source, we also get a "reflected" magnetic field, and for a magnetostatic source, we also get a "reflected" electric field. For the case with a magnetostatic source, the resulting electric field needs not be negligible in the non-relativistic case. Assuming the parenthesis in (38b) is ∼ 1, the electric field becomes vη/c times the source magnetic field. This corresponds to an electric field strength E ∼ vB, where B is the flux density from the source. For a neodymium magnet with B ∼ 1 T and a velocity v = 1 m/s, we get E ∼ 1 V/m.
The coupled fields (37b) and (38b) can also be described by image sources. Obviously, the needed image of an electric source will be magnetic, and vice versa. In addition the image will be distorted due to the −i sgn(k y ) function. This filtering operation amounts to convolving by 1/πy, which results in a Hilbert transform of the image with respect to y. Consider next the case where the source is homogeneous in the y-direction, i.e., k y = 0. For a nonzero k x , we observe from (35) that ω = 0, despite the source being static in the lab system. Thus the electromagnetic field for z > 0 in the rest system of medium 2 will be transverse, and can be expressed conventionally as a superposition of TE and TM modes:
Here F and G are arbitrary functions of k x . From the dispersion relation we have
where we have used (35). The sign of the square root is taken such that Im k z > 0. Note that for dispersive media, we must evaluate the relative permittivity and permeability at the frequency ω = −γvk x . When this frequency is negative, the symmetry relations r (−ω ) = * r (ω ) and µ r (−ω ) = µ * r (ω ) are used [1] . By matching the tangential electric and magnetic fields of (32) and (39) at the boundary z = 0, and using (35), we obtain the reflection coefficients
where the relative permittivity r and permeability µ r must be evaluated at the frequency ω = −γvk x . The coupling coefficients between electric and magnetic fields in the lab system vanish in this case. For a nondispersive medium 2, the reflection coefficients (41) are independent of k x . Thus the field for z < 0 can be seen as a superposition of that from the source and from an image multiplied by the reflection coefficient, exactly as in Sec. III.
Of course, the most interesting regime is the nonrelativistic limit v/c 1. Then the reflection coefficients reduce to the v = 0 results in Sec. III, unless the permittivity and/or permeability are extremely large for ω = −γvk x . However, this is exactly what happens for a conductor, for which r (ω ) ≈ iσ/ 0 ω and µ r = 1. In this case, (41b) can be written
Thus we obtain a considerable reflection when the dimensionless, magnetic Reynold's number µ 0 σv/k x 1. For Cu and v = 1 m/s, this corresponds to spatial variations of the source which is 2π/k x 0.1 m.
Intuitively, the reflection coefficient (42) arises because there is a time-dependent magnetic field in the conducting medium, as seen from the rest frame of the medium. Through Faraday's law, eddy currents are induced, producing a "reflected field". Along these lines, (42) can be found by considering the source as time-dependent (or quasistatic), as a result of a velocity −v in thexdirection. Then we can use the result in Sec. IV together with ω = −vk x to deduce (42) in the nonrelativistic limit. Despite giving the correct answer, such a method is somewhat incomplete unless the relativistic transformation formulas (32) are taken properly into account.
In the special case when the source is large and varies slowly with x, such that µ 0 σv/k x 1 for the involved spatial frequencies, we obtain r H = 1. Then the image method from Sec. III applies straightforwardly. In general, however, we must filter the image of the source with r H = r H (k x ). This filter function is plotted with respect to characteristic size Λ x = 2π/k x in Fig. 5 . Also the inverse Fourier transformed filter function (point source image) is plotted with respect to x. We observe the interesting result that the point source image is one-sided (i.e., vanishes for x > 0). This results from the fact that (42) can be analytically continued to the entire upper half-plane of complex k x , since the branch point is in the lower half-plane. By closing the integration path with a large semi-circle in the upper half-plane, the inverse Fourier transform can therefore be proved to vanish for positive x. We finally note that since the image is not an even function, the system does not obey Lorentz reciprocity [3] .
VI. CONCLUSION
By formulating the proof of Fresnel's equations with only electric fields, or with only magnetic fields, it turns out that the relations are valid in statics. Since static fields are longitudinal, "TM" applies to the case with an electrostatic source, while "TE" applies to the case with a magnetostatic source. The results are independent of the spatial frequency of the source, which gives a connection to the classical image charge or image current methods.
In quasistatics the Fresnel equations may give results dependent on spatial frequency; in this case the image method must be combined with a filter. For the case where a static source is located in the vicinity of a moving medium, we also obtain image methods to describe the reflection and coupling between electric and magnetic fields. Dependent on the orientation of the source relative to the velocity of the medium, certain interesting effects arise, including Hilbert transform of image, and Lorentz nonreciprocity.
The result (A6) is in particular valid in the region −d < z < 0. For the unbounded region z > 0 we can repeat the argument, introducing new integration constants, but the second term in (A3) must be put to zero as it diverges with z. The result is φ = i W (k x , k y )e ikxx+ikyy+ikzz dk x dk y (A7) and E = (k x , k y , k z )W (k x , k y )e ikxx+ikyy+ikzz dk x dk y (A8) for some function W (k x , k y ). Apparently there are no transverse fields in electrostatics.
If the source is a static current distribution or permanent magnet, we have ∇ × H = 0 and ∇ · B = 0 away from the source. Thus we can express H = −∇ψ, where ∇ 2 ψ = 0, completely analogous to the electrostatic situation.
